The existence of planets in stellar binary (and higher order) systems has now been confirmed by many observations. The stability of planetary orbits in these systems has been extensively studied, but no precise stability criteria have so far been introduced. Therefore, there is an urgent need for developing stringent mathematical criteria that allow us to precisely determine whether a planetary orbit in a binary system is stable or unstable. In this Letter, such criteria are defined using the concept of Jacobi's integral and Jacobi's constant. These criteria are used to contest previous results on planetary orbital stability in binary systems.
INTRODUCTION
Observational evidence for the existence of planets in stellar binary (and higher order) systems has been given by Patience et al. (2002) , Eggenberger et al. (2004) , Eggenberger & Udry (2007) , and others. Eggenberger & Udry presented data for more than 30 systems, mostly wide binaries, as well as several triple-star systems, with separation distances as close as 20 AU (GJ 86). These findings are consistent with previous theoretical results that showed that planets can successfully form in binary (and possibly multiple) stellar systems (e.g., Kley 2001; Quintana et al. 2002) , known to occur in high frequency in the local Galactic neighborhood (Duquennoy & Mayor 1991; Lada 2006; Raghavan et al. 2006) . Recently, Bonavita & Desidera (2007) performed a statistical analysis of binaries and multiple systems that concerned the frequency of hosting planets, leading to the conclusion that there is no significant statistical difference between binary systems and single stars. The fact that planets in binary systems are now considered to be relatively common is also implied by the recent detection of debris disks in various main-sequence stellar binary systems by the Spitzer Space Telescope (e.g., Trilling et al. 2007 and references therein).
In the last few decades, significant progress has been made in the study of the stability of planetary orbits in stellar binary systems. Most of these studies focused on S-type systems; in this type of system, the planet is orbiting one of the stars, and the second star is considered a perturbator. Early results were obtained by Hénon & Guyot (1970) , Szebehely & McKenzie (1981) , Dvorak (1984 Dvorak ( , 1986 , Dvorak et al. (1989) , Benest (1988 Benest ( , 1989 Benest ( , 1993 Benest ( , 1996 , Kubala et al. (1993) , and Holman & Wiegert (1999) , who explored the stability of planets in binary systems with different mass ratios and eccentricities. In more recent work, David et al. (2003) investigated the orbital stability of an Earthmass planet around a solar-mass star in the presence of a companion star. They determined the planet's ejection time for systems with a variety of orbital eccentricities and semimajor axes. For fixed companion masses, the ejection time was found to be a steep function of the periastron distance (or orbital radius for circular orbits) to the primary star, a prediction that is consistent with subsequent results by Musielak et al. (2005) .
In our previous work (Stuit 1995; Musielak et al. 2005) , we studied the stability of S-type orbits in stellar binary systems and deduced the orbital stability limits for planets; these limits were found to depend on the stellar mass ratios, a result that will be further explored in this Letter. We considered initially circular planetary orbits and classified them by using the following criteria: 0% ≤ truly stable ≤ 5%, 5% ! stable ≤ 15%, 15% ! marginally stable ! 35%, and unstable ≥ 35%, where the percentage refers to the orbital variability with respect to the initial distance between the primary star and the planet specified at the beginning of the calculations. The stability limit of 5% was motivated by the fact that this limit is required for Earth to remain within the conservative habitable zone around the Sun (e.g., Kasting et al. 1993; Underwood et al. 2003) . The limit of 35% was based on our studies that showed that test planets outside that limit were not confined to their binary system.
To the best of our knowledge, no other precise criteria for orbital stability in binary systems have been introduced. Therefore, there is an urgent need for defining stringent mathematical criteria that can be used to precisely determine whether a planetary orbit in a binary system is stable or unstable and, furthermore, to verify the stability criteria previously used by Musielak et al. (2005) and others (e.g., Holman & Wiegert 1999; David et al. 2003) . The main purpose of this Letter is to pose such criteria by using the concept of Jacobi's integral and Jacobi's constant (Szebehely 1967; Roy 2005) . The concepts and methods used for determining stability are described in § 2. In § 3, our stability criteria are applied to binary systems of different mass ratios. In addition, they are used to contest previous results on orbital stability in binary systems. Conclusions are given in § 4.
METHOD AND STABILITY CRITERIA
In order to define stringent mathematical criteria for the stability of planetary orbits in stellar binary systems, we consider the so-called coplanar circular restricted three-body problem (Szebehely 1967; Roy 2005 and references therein). In this problem, two stars orbit each other in circles, and their masses are much larger than that of the planet. In our case, it is assumed that the planetary mass is of the mass of the star it
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1 # 10 orbits; also note that the planetary motion is constrained to the orbital plane of the two stars. In addition, we assume that the initial velocity of the planet is in the same direction as the orbital velocity of its host star, which is the more massive of the two stars, and that the starting position of the planet is to the right of the primary star, along the line joining the binary components (3 o'clock position).
The only known integral of motion for this problem was first obtained by Jacobi (1836); discussions of this integral can be found in many textbooks on orbital mechanics (e.g., Danby 1988; Roy 2005 ). To introduce this integral, we consider a synodic Jacobi's integral can be written as
An important application of this integral is to define the socalled surfaces of zero velocity (contours) that form the boundaries of regions where the planet must be found. The rationale for such a contour is that it limits the allowable region of the planet defined by its available energy. Surpassing the contour would correspond to a negative kinetic energy (imaginary speed), which is physically impossible. Obviously, the boundaries depend on the value of Jacobi's constant C. For large values of C, the planet must orbit the primary star, and there is no way for the planet to move into the vicinity of the secondary star. However, for smaller values of C, different planetary orbits become possible; some of them allow the planet to be transferred from the primary star to the secondary star, and others allow the planet to escape from the system entirely (for details, see Danby 1988 and Roy 2005) . This clearly shows that the determination of Jacobi's constant C is critical for defining stringent orbital stability criteria.
To calculate Jacobi's constant C, we use the following expression: and q denote the initial planetary velocity and the angular * V 0 frequency of the binary orbital motion, respectively. Since any planet in our model is initially confined to a circular orbit, its initial velocity is given as . In this
case, C solely depends on m and . r 0 As first discovered by Lagrange in 1772, there are five points in the restricted three-body problem where no resulting force acts on a planet. These points are now known as the L1, L2, L3, L4, and L5 Lagrange points (e.g., Danby 1988 ). The points L1, L2, and L3 are located along the rotating -axis; however, the points * X L4 and L5 are located in the -plane, apart from the - * * * (X , Y ) X axis. Following Danby (1988) , L1 is located between the primary and secondary stars, and L2 and L3 are located to the left with respect to the secondary star and to the right with respect to the primary star, respectively; note that in some textbooks, these three Lagrange points are defined differently (e.g., Roy 2005) .
The relevance of the points L1, L2, and L3 to the problem considered here is that the values of Jacobi's constants, , ,
and , corresponding to these points are critical for establishing C 3 the stability of planetary orbits in the system. According to Danby (1988) and Roy (2005) , the constants obey the following relation:
. Specifically, if , then a planet ini-
tially orbiting the primary star may be captured by the secondary star. If , then the planet is free to escape from the system C ! C 2 through the point L2. Finally, if , then the planet may C ! C 3 also escape from the system through the point L3.
The basic idea of our method is to calculate , , and C C 1 2
and to use them to determine , , and , which rep-
C r r r r 0 on the stellar mass ratio m (see Table 1 ); they increase when m decreases. Note that the planet's absolute stability is guaranteed only if ; in this case, the planet moves about
(1)
the primary star in a periodic orbit. The criteria for planetary orbits to be unstable are either or , or both. 
APPLICATIONS AND COMPARISONS WITH PREVIOUS WORK
We performed numerical simulations to illustrate the onset of orbital instabilities for planets in S-type orbits of stellar binary systems. As previously discussed, orbital stability is ensured if , which constitutes a stringent (i.e., sufficient)
(1) r ! r 0 0 criterion for stability. This can best be understood to mean that the planet in this case is unable to leave the vicinity of its host star due to lack of kinetic energy. In the following, we illustrate the transition from stability to instability by progressively increasing the value of for a r 0 binary system with a fixed mass ratio m, given as (see m p 0.2 Fig. 1 ). We present the resulting planetary orbits for four different values of , which are 0.25, 0.323, 0.41, and 0.51, r 0 respectively. Each panel in Figure 1 shows the primary (large filled circle) and secondary (small filled circle) star, the planetary orbit (solid line), the five Lagrange points (denoted by the crosses), and the so-called zero velocity contours (dashdotted lines). The upper panels of Figure 1 show stable. The fact that we restricted the time of the simulation to 50 yr is inconsequential, owing to the fact that the orbital stability of the planet is guaranteed by the analytical properties of the system. Also note that the zero velocity contour changes between the two panels, due to the increase in , by getting r 0 closer to the Lagrange point L1.
Two cases of unstable orbits are shown in the bottom panels of Figure the planet reaches the secondary star only after a few irregular orbits about the primary star have been completed. A more detailed analysis shows that the planet first encountered the secondary star after 39.6 yr at a minimal distance of at most 0.1 AU. A second, even closer encounter occurred after 41.2 yr, when the simulation was stopped because the planet entered the Roche limit of the secondary star. The general behavior of the model with is due to the fact that exceeds r p 0.51 r 0 0 both and (see Table 1 ), which, in principle, allows the
r r 0 0 planet to escape from the binary system through the L2 point. Note, again, that the simulation time allocated to the results depicted in Figure 1 is only 50 years. However, our results clearly demonstrate that this very short time is sufficient to determine whether, in principle, an onset of orbital instability can occur or not. This means that the main goal of this Letter, i.e., the establishment of a rigorous (sufficient) criterion for stable planetary orbits in binary systems, has been achievedat least in the special case of the "coplanar circular restricted three-body problem." Obviously, other methods are required to determine long-term stability of planetary orbits in generalized binary systems (e.g., Holman & Wiegert 1999; David et al. 2003) . Our results allow us to identify regions of stability and their dependence on the mass ratio m and the planetary distance ratio . The -related limit, obtained by comparing r C 0 1 with for a prescribed mass ratio m, identifies a rigorous
(1) r r 0 0 limit for stable planetary orbits (see Fig. 2 ). In addition, by comparing with , a -related limit can be identified,
r r C 0 0 2 which constitutes a rigorous limit for unstable planetary orbits, as in this case the planet possesses a sufficient amount of kinetic energy to entirely escape from the binary system. We can also compare our results with the previous work on orbital stability limits of planets in binary systems by Holman & Wiegert (1999) , David et al. (2003) , and Musielak et al. (2005) . The comparison of our results with those by Musielak et al. shows that their criterion for stable orbits largely agrees with the -related stability criterion in our study, although for C 1 a small range of mass ratios, their stability criterion is too strict. In addition, there are discrepancies between our criterion C 2 for unstable orbits and their criterion for marginally stable/ unstable orbits. Previous work by Holman & Wiegert (1999) considers a large range of eccentricities for the stellar binary components. For circular orbits (see Fig. 2 ), their stability limit is similar to the -based stability limit in our study, as well C 1 as the stability limit by Musielak et al. (2005) , although a careful analysis shows that small but noticeable differences exist, because the Holman & Wiegert criterion is somewhat less strict for mass ratios between and 0.1 but is too m p 0.5 strict for mass ratios of less than 0.1.
Other recent results have been given by David et al. (2003) . C 1 and on Jacobi's constant (thick dashed line). For comparison, we also show C 2 the dividing lines between the regions of stability and marginal stability (thin solid line; MCMS 1 ) and between marginal stability and instability (thin dashed line; MCMS 2 ) previously obtained by Musielak et al. (2005) . The two asterisks indicate the stability limit obtained by David et al. (2003) corresponding to 10 6 orbits. The stability limit from the earlier work by Holman & Wiegert (1999; HW) is depicted as a thin dash-dotted line.
They investigate the range of orbital stability for a similar parameter range as previously discussed. Here the orbital stability of an Earth-mass planet around a solar-mass star is studied in the presence of a companion star for a range of companion masses between 0.001 and 0.5
. David et al. (2003) consider M , both circular and elliptical orbits, and they derive expressions for the expected ejection time of the planet from the system. For fixed companion masses, the ejection time is found to be a steep function of the periastron distance (or orbital radius for circular orbits) to the primary star. David et al. predict that the domain of orbital stability gets progressively smaller over time according to the logarithm of the time of simulation, even though some cases in their study do not seem to indicate this type of behavior.
Note that their principle finding of a progressively decreasing stability limit is fundamentally inconsistent with the result from our study that yields an analytically derived absolute limit of stability, although our case solely focuses on the restricted threebody problem. For and zero eccentricity, David et al. m p 0.3 (2003) deduce a stability limit of for 10 6 r p 0.31 ‫ע‬ 0.04 0 orbits, which is well inside the analytically defined stability region obtained in our study (see Fig. 2 ).
CONCLUSIONS
We established stringent mathematical criteria that allow us to precisely determine whether a planetary orbit in a stellar binary system is stable or unstable. One criterion, i.e., the stringent (sufficient) criterion, refers to orbital stability, whereas the other criterion refers to orbital instability. Unfortunately, our method is currently limited to the "coplanar circular restricted three-body problem," for which one constant of motion, the so-called Jacobi's integral, is known. This integral depends on Jacobi's constant C, whose value uniquely determines the stability or instability of a planetary orbit. We calculated Jacobi's constants for the Lagrange points L1, L2, and L3, and we used these constants, for a given stellar mass ratio m, to determine , , and . The latter parameters represent critical values
r r r 0 0 0 of the planet's relative initial distance corresponding to different types of orbital stability. The planet's absolute orbital stability is guaranteed only if . We illustrated the onset of orbital instability by presenting (1) r ! r 0 0 numerical simulations. Comparison of our results with those previously obtained by Musielak et al. (2005) , Holman & Wiegert (1999) , and David et al. (2003) shows that their criteria for orbital stability are in good agreement with our analytical criterion, although some small but noticeable differences exist. For planets that do not fulfill our stringent criterion of orbital stability, orbital stability may still be possible for a significant period of time. However, in this case, the outcome must carefully be studied by employing long-term simulations and may depend on various factors, such as, e.g., the mass and orbital starting position of the planet. Finally, our results may also be relevant for other types of systems with two dominant masses, as, e.g., a moon around a giant planet orbiting a single star.
